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The 4f states of Ce in a typical Kondo crystal, CeB6, are split

into an excited state �7 and the ground state �8, with an

excitation energy at 560 K. The electron-density distribution

of the thermally excited state was measured at 430 K using a

four-circle diffractometer equipped with a small furnace. In

contrast to the previous results at lower temperature,

electrons are transferred from B6 to Ce at 430 K. X-ray

atomic-orbital analysis revealed that the 5d-�8 orbitals (the

energy level of which is similar to that of the B-2p orbitals) are

fully occupied and the 4f-�7 orbitals are more populated than

the 4f-�8 orbitals. Fully occupied 5d-�8 makes the 4f-�8 states

unstable and the energy levels of 4f-�7 and 4f-�8 are inverted.

Received 24 January 2007

Accepted 18 July 2007

1. Introduction

The observation and quantitative analysis of electron-density

distributions (EDD) in crystals with heavy atoms such as rare-

earth elements still remain very difficult. Further, analysis has

recently become more and more important because of the

many interesting rare-earth crystals, including high-tempera-

ture superconductors. The 4f-EDD in the difference density

map in CeB6 was observed by Sato (1985) and it was attributed

to the electrons in the 4f(j = 5/2)�8 orbitals. The 4f-EDD was

measured again at 165 K (Tanaka et al., 1997) and analyzed

using the real 4f atomic orbitals (AO; Weiss & Freeman, 1959).

The peaks in the deformation density map around Ce with a

height of 2.0 e Å�3 were reduced to 0.2 e Å�3 by the analysis

at 165 K. The temperature dependence of the EDD of CeB6

was further measured at 100, 165, 230 and 298 K and was

analyzed using an X-ray atomic orbital analysis (XAO; Tanaka

& O� nuki, 2002). The analysis showed that the 4f-electrons are

transferred from Ce to the B6 moiety as temperature is

decreased. The residual densities around Ce at the four

temperatures showed excellent agreement. The quantitative

analysis of 4f-EDD was also investigated by Claiser et al.

(2004) in the gadolinium–semiquinone complex. They carried

out multipole refinement and compared the results calculated

with six types of form factors. Consequently, the EDD of the

organic ligands showed excellent agreement, however, the

residual density peak around Gd remains � 1 e Å�3.

The EDD observation of excited states is a rarely explored

field. Several investigations concerning the excited states

(4d 94f n + 1) of CeB6 were performed by means of photoelec-

tron spectroscopy (Ichikawa et al., 1986; Kakizaki et al., 1995).

In a field of X-ray diffraction Pressprich et al. (1994)

succeeded in measuring the static deformation density of the

metastable electronic excited state of sodium nitroprusside.

Furthermore, Kim et al. (2002) determined the structure of the



photo-induced excited state of [Pt2(pop)4]4� ion [pop =

pyrophosphate, (H2P2O5)2�] by time-resolved X-ray diffrac-

tion. Ozawa et al. (2003) also observed the EDD of a photo-

excited diplatium complex using a low-temperature vacuum

X-ray camera. In the present study electron transfer among

thermally excited states was observed. Although the experi-

ments of the photo-excited crystals can now determine the

structures of molecules in the excited state with very short

lifetimes, the final aim of the photo-excited crystallography

seems to identify the electronic states related to the excitation

process by X-ray EDD analysis. The present study, in which

electron transfer was observed among atomic orbitals identi-

fied by the X-ray EDD analysis, forms one of the bases of the

future crystallography of excited states. X-ray diffraction has

now become a tool for not only analysing the structure, but

also observing the process involved in the transition from the

ground state to excited states, just like spectroscopy.

CeB6 is one of the most important complexes of the heavy-

fermion system and has been investigated extensively at low

temperatures owing to its many interesting properties, such as

competition between the Kondo effect and the RKKY inter-

action, and antiferro-quadropolar ordering. CeB6 has a CsCl-

type structure (space group, Pm3m). There are regular B6

octahedra at the corners of the unit cell with Ce at the body-

centre of the cubic unit cell. Ce3+ formally has one 4f electron.

When spin-orbital interactions are taken into account, the 4f

orbitals split into two 4f states with j = 5/2 and j = 7/2. Since the

energy of the latter is higher, the 4f orbitals with j = 7/2 were

not found to be occupied in the present study. In the Oh crystal

field, 4f(j = 5/2) orbitals are further split into two orbitals: the

excited states �7 (doublet) and the ground states �8 (quartet).

The excitation energy between �7 and �8 was reported to be

530–560 K (Loewenhaupt et al., 1985; Zirngiebl et al., 1984). In

the present study, temperature T is used as the expression of

energy instead of using kT (K: Boltzmann constant). When

Boltzmann statistics are assumed, the ratio of the electron

poplulations of the two states is expressed as

nð�7Þ=nð�8Þ ¼ expð��E=kTÞ; ð1Þ

where �E is an excitation energy. Assuming �E = 560 K, the

ratio of �7:�8 populations at 430 K becomes 0.27.

In the previous study (Tanaka & O� nuki, 2002), significant

numbers of electrons were observed in the excited �7 orbitals

of CeB6 at 298 K, with the n(�7)/n(�8) ratio equal to 0.10. As

temperature increases this ratio may increase, as expected

from (1). Therefore, the first aim of the present study is to

confirm the existence of electrons in the excited �7 orbitals

and to observe the EDD of the excited states of CeB6 at

430 K,1 which was selected because it is central between 560 K

and room temperature. The second aim is to develop the

method to measure EDD accurately at high temperature. The

third aim is to demonstrate how well the XAO analysis (in

which atoms are divided into sub-shell electrons and each sub-

shell is treated as an independent atom) works for these

heavy-atom systems (Tanaka, 1988; Tanaka & O� nuki, 2002).

2. Experimental

A CeB6 single crystal was heated up to 430 K in a furnace

installed on the diffractometer. The furnace was designed

according to a previous study by Kodama (1984), which was

originally designed based on a study by Ishizawa & Kato

(1983). The furnace on an X-Y-Z stage equipped with a brass

cylinder containing a spiral Pt wire was mounted on the �-

circle of the diffractometer, as illustrated in Fig. 1. N2 gas was

passed through a Pt coil to heat the crystal. To have a wider

and stable equi-temperature area Pt wire was extended

around the crystal, as proposed by Brown et al. (1973). The N2-

gas flow rate was kept constant using a flowmeter (KOFLOC

8300). A transformer (Aihara Electric Co., Ltd SD-1110) was

used to keep the circuit voltage constant. Pt wire was also

incorporated into the circuit to allow the voltage to the Pt

heater to change continuously. After placing the Pt–13%Rh

thermocouple at the crystal position the furnace was adjusted

by the X-Y-Z stage so that temperature reaches the maximum.

The relationships between the current in the Pt heater and the

temperature of the sample were measured at � = 0� on a four-

circle diffratometer using the crystals, naphthalene, phthalic

anhydride, Sn, NH4NO3 and NaNO3 with melting points of

353, 401, 505, 443 and 580 K, respectively. A thermocouple

was placed at the crystal-position temperature at fixed

currents between 2 and 6 A at � = 0 and � = 90�. Temperatures

at � = 0� agree with the calibration curve, but those at � = 90�

do not. Hence, the temperature variation with � angles was

measured, keeping an electric current in the Pt wire at 3.8 A,

which kept the crystal approximately at 430 K. A CeB6 crystal

on the goniometer was covered by a Kapton film of 25 mm

thick (Du Pont-Toray) and the temperature of the crystal was
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Figure 1
Equipment for accurate high-temperature X-ray intensity measurement.

1 The occupied 4f(j = 5/2)�8 states consist of the ground state and 4f(j = 5/2)�7

is the excited state below room temperature. At 430 K more drastic change
occurs in CeB6 and the �7 states cannot be called the excited states.



kept at 430 � 2.5 K, limiting the � angle between�60 and 50�.

The furnace allows the ! angle to rotate from �53 to 65�.

A CeB6 single crystal was shaped into a sphere with a radius

of 37 mm. This crystal was glued to a glass rod 30 mm in

diameter by Aron Ceramic D (Toagosei). After heating the

crystal for 1 h to stabilize the temperature, measurements

were then taken. The orientation matrix and lattice parameter

were determined by reflections 155 and 633 with 2� around

75�, where the peaks due to K�1 and K�2 radiations were well

separated. X-ray intensities were measured using a four-circle

diffractometer (MAC Science). CeB6 has 88 electrons in the

unit cell, formally including only one 4f electron. Since the

multiple diffraction effect easily exceeds 1% of the structure

factors, as shown in Fig. 2 of our previous paper (Tanaka &

O� nuki, 2002) and in PtP2 (Tanaka et al., 1994), good results

were never expected without avoiding or correcting for the

multiple diffraction in the investigation of the EDD of heavy-

atom crystals. Since the multiple diffraction effect is very

sensitive to the orientation of the crystal and width of the

Bragg peak, it is better to avoid it by rotating the crystal

around the scattering vector ( rotation). Most of the reflec-

tions have secondary reflections, part or all of which are on the

reflection sphere at the same time as when the reflection is

being measured. The optimum  angle at which multiple

diffraction contributed less than 0.25% to each structure

factor was calculated with the program IUANGLE (Tanaka et

al., 1994) after the orientation of the crystal was determined.

The furnace and the avoidance of multiple diffraction

decreased the possible area for intensity measurement. The

definition of the possible area was defined in the program

IUANGLE, but an unexpected shadow area still remained.

The Pt wire around the crystal, which is necessary to have a

wider and stable equi-temperature area, often scatters X-rays

or interrupts incident and diffracted X-rays in the present

experiment, and some of the significant reflections were

rejected based on the following reasons. There were 20

reflections with F < 3�F which were rejected among the 990

measured reflections and 84 reflections whose peak profiles

were partial when the difference between 2� and ! was

� 65 � 5�. The Rint value for 886 (990–84–20) reflections was

0.0136, indicating the very severe shadowing effect of the Pt

wire. There were 91 reflections with an anomalous background

caused by the scattering of the incident beam by the Pt wire.

There were 80 reflections with sin �/� more than 1.34 (2�
�145�), which were rejected because of the high background

owing to the air scattering of the incident X-rays. Among the

reflections with more than three equivalent reflections 12 were

rejected because of too much deviation from the mean of the

equivalent reflections, for unknown reasons. One reflection

was rejected because of unavoidable multiple diffraction.

Hence, 288 reflections were rejected and 702 reflections

remained. The Rint(990) and Rint(702) values were 0.0629 and

0.0095, respectively. The number of independent reflections

whose 2� value is more than 145� is 6. The number of inde-

pendent reflections from 990 measured reflections and 702

used reflections in the 2� range less than 145� are 175 and 170;

the completeness values are 94.1 and 91.4%, respectively.

These rejected reflections may enhance the series termination

effect in the residual densities, as stated in the previous study

(Tanaka & O� nuki, 2002). However, that does not significantly

alter the result of the analysis, which will be mentioned in x5.

Other data collection details are summarized in Table 1.2

3. Refinement

The reflection data were refined by the least-squares program

QNTAO (Tanaka & O� nuki, 2002; Tanaka et al., 2007). The

valences of Ce and B were initially assumed to be +3 and�0.5,

respectively. A spin-orbit interaction was assumed for Ce and

the scattering factor was calculated using the program

SFRSCF (Tanaka et al., 2007). This calculation of relativistic

atomic orbitals was carried out by Hitoshi Tatewaki using the
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Table 1
Crystal data of CeB6 at 430 K.

Crystal data
Chemical formula B3�

6 �Ce3+

Mr 204.98
Cell setting, space group Cubic, Pm�33m
Temperature (K) 430.0 (5)
a (Å) 4.14586 (8)
V (Å3) 71.26 (1)
Z 1
Dx (Mg m–3) 4.777
Radiation type Mo K�
� (mm–1) 15.63
Crystal form, colour Sphere, metallic dark purple
Crystal radius (mm) 0.037

Data collection
Diffractometer Four-circle (MAC SCIENCE)
Data collection method Integrated intensities data fom !/2�

scans
Scan speed in ! (min�1) 2
Maximum no. of scans 10
Absorption correction For a sphere

Tmin 0.435
Tmax 0.482

No. of measured, independent and
observed reflections

990, 181, 170

Criterion for observed reflections F > 3.0�(F)
Rint 0.063
�max (�) 74.2
No. and frequency of standard

reflections
3 every 50 reflections

Refinement
Refinement on F
R[F2> 2�(F2)], wR(F2), S 0.012, 0.015, 1.14
No. of reflections 702
No. of parameters 38
H-atom treatment No H atoms present
Weighting scheme Based on measured s.u.’s
(�/�)max 0.001
��max, ��min (e Å–3) 0.57, �0.70
Extinction method B-C type 1 Gaussian anisotropic
Extinction coefficient 0.334 (3) � 104

Computer programs used: IUANGLE (Tanaka et al., 1994); RSLC-3 UNICS system
(Sakurai & Kobayashi, 1979).

2 Supplementary data for this paper are available from the IUCr electronic
archives (Reference: OG5021). Services for accessing these data are described
at the back of the journal.



program GRASP (Dyall et al., 1989). The scattering factors of

B were calculated based on the self-consistent field (SCF)

wavefunction (Mann, 1968). Anomalous dispersion terms of

the atoms were taken from International Tables for X-ray

Crystallography (1992, Vol. C). Extinction parameters are

assumed to be type I with a Thornley–Nelmes distribution

function (Thornley & Nelmes, 1974; Becker & Coppens,

1974a,b, 1975). Analysis is basically divided into three stages.

The parameters refined in the previous stage were also shifted

in the next stage.

The first stage was the spherical-atom refinement. We

assumed that electrons were configured equally to each sub-

shell orbital, which makes the spherical EDD. In this stage, the

scale factors, the atomic coordinate z of B, the harmonic

temperature factors and the extinction parameters were

refined. The second stage is the refinement of the anharmonic

vibration (AHV). In this stage, the AHV parameters were

refined in addition to those of the first-stage fixing harmonic

temperature factors. The harmonic and anharmonic para-

meters were refined by alternately

fixing the other factors, but the

parameters of the AHV could not

be refined with the parameters for

AOs. The third stage is the XAO

analysis. In this stage, electron

populations and � parameters

(Coppens et al., 1979), which

represent the expansion–contrac-

tion of each orbital, are refined in

addition to the parameters of the

first stage.

3.1. Anharmonic vibration

Dawson et al. (1967) proposed

the treatment of temperature

factors including the anharmonic

thermal vibration effect for high-

symmetry crystals by means of

series expansion of the one-

particle potential. Tanaka &

Marumo (1983) generalized the

treatment, and anharmonic third

and fourth-order parameters are

refined with QNTAO. The method

was used because it is formulated

based on the vibration of the

atoms around their equilibrium

positions, which makes it more

difficult to include aspherical

EDD due to electron configura-

tion itself rather than the other

statistical methods. AHV para-

meters are restricted by the site

symmetry of Ce(m3m) and

B(4mm) and the anharmonic

potential V of each atom is represented by the following

equation

VCe ¼ q1111ðu
4
1 þ u4

2 þ u4
3Þ þ q1122ðu

2
1u2

2 þ u2
1u2

3 þ u2
2u2

3Þ

VB ¼ c111ðu
3
1 þ u3

2Þ þ c333u3
3 þ q1111ðu

4
1 þ u4

2Þ

þ q3333u4
3 þ q1122u2

1u2
2 þ q1133ðu

2
1u2

3 þ u2
2u2

3Þ; ð2Þ

where u = (u1,u2,u3) is a displacement vector from the equi-

librium position of each atom defined on the coordinate

system with axes parallel to the crystal axes, a, b and c. Since

AHV parameters are closely related to high-angle reflections,

4f electrons located near the inner shell are expected to be

strongly affected by AHV. However, AHV parameters are not

significant in the present study, as stated in x3.2. In the

previous study (Tanaka & O� nuki, 2002), a significant shift of

the z coordinate was observed when the anharmonic cubic

parameters were refined with the z coordinate. However, such

a shift was not observed, regardless of whether anharmonic

cubic parameters are refined with the z coordinate or not. This
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Figure 2
Difference densities (a) around Ce at (1

2,
1
2,

1
2) on the plane 100, (b) around B after the refinement (A), (c)

around Ce and (d) around B after the refinement (B). Contours are at intervals of 0.2 e Å�3. Zero
contours are drawn as thick lines, positive contours as thin lines, and negative contour as broken lines.



is because the anharmonic parameter c333 is not significant.

The parameters of AHV could not be refined with the orbital

parameters discussed in the next section.

3.2. XAO analysis

We refined the diffraction data by means of the method

which we call the XAO analysis. Electron density was divided

into those of the core and of the valence electrons and the

latter are further divided into those of the various subshell

electrons, which enables us to treat localized electron density

quantitatively. The sub-shell orbitals were constrained to be

strictly orthonormal to one another. The XAO analysis is

based on the quantum-mechanical orbital models and is useful

for investigations of ionic crystals and heavy-atom crystals. In

these investigations localized d or f electrons play an impor-

tant role in determining the physical properties of materials.

The contribution of two-centre electrons in the covalent or

coordination bonds, which appear in molecular orbital (MO)

models, to structure factors is not significant. The details of the

method will be reported elsewhere (Tanaka et al., 2007).

In the present study 4f(j = 5/2), 5p(j = 3/2), 5p(j = 1/2) of Ce

and 2s, 2p of B were assumed as the valence sub-shells. The

electroneutrality of the crystal was maintained during the

refinement by making the total sum of the electron popula-

tions of the sub-shell orbitals equal to that of the positive

charges of nuclei in the unit cell. In the present study the

following equation was applied

gCe½4nð4fj¼5=2�8Þ þ 2nð4fj¼5=2�7Þ þ 4nð5pj¼3=2Þ

þ 2nð5pj¼1=2Þ þ 48	 þ gB½2nð2pxÞ þ nð2pzÞ þ nð2sÞ þ 2	

¼ gCeZCe þ gBZB; ð3Þ

where g, n and Z are the multiplicities of Ce and B in the unit

cell of atomic sites, electron population and atomic number,

respectively. The numbers in front of the electron populations

are the degeneracy of each orbital imposed by the crystal

symmetry; the orbitals are specified in parentheses. The above

restriction reduces the number of independent parameters in

the least-squares refinement by one. In the present study the

parameters of the electron populations are considered to be

independent, except n(2pz). When the population parameters

are determined, n(2pz) is also determined according to (3).

Equation (3) enables us to analyze electron transfer between

atoms in the crystal. Moreover, it permits us to treat the EDD

of non-stoichiometric compounds such as solid solutions and

metals. When a quantization axis z is taken along c for B, the

point-group symmetry constraints n(2px) and n(2py) are the

same. The same constraint was also imposed on the � para-

meters. In the present study, the quantization axes were taken

parallel to the crystal axes.

After AHV parameters were refined, they were fixed and

electron populations n were added in the refinement. Then �
parameters were refined. The electron populations were

refined under the constraint that n is greater than 0, or less

than 2 or 1 for AOs of B and Ce, respectively. When one

exceeded the limit, it was kept to the limiting value and the

parameter was excluded from the refinement to avoid para-

meter correlations. At each step of the refinement the residual

density was examined carefully to assess the validity of the

parameters in the refinement and identify the parameters to

be added in the next stage. Thus, the Ce-4f orbitals were

refined first and then the Ce-5d orbitals were added to explain

the residual density, as will be discussed in the next section.
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Table 2
Extinction and final parameters.

Parameters given: Parameters for B at (0,0,z). Electron populations n, �
parameter, anisotropic temperature factors Uij (� 10�5Å2), harmonic bi

(� 10�21 J Å�2), anharmonic cubic parameters cijj (� 10�19 J Å�3), quartic
parameters qiijj (� 10�19 J Å�4). Degeneracy of each orbital is shown in the
parentheses after n. Anisotropic temperature factors are defined as
TH ¼ expð�2	2

P
i;j hihja



i a
j UijÞ and anharmonic potentials V are defined in

the text. R factors: R1 = �||Fo| � |Fc||/�|Fo|, R2 = �(|Fo| � |Fc|)
2/�|Fo|2.

Anisotropic type I extinction parameters with Thornley–Nelmes distribution
function. Parameter after (A). Spherical-atom analysis before AHV analysis,
(B). XAO analysis without 5d orbitals, (C). XAO analysis including 5d(j = 5/2)
orbitals, (D). XAO analysis including 5d(j = 3/2) orbitals.

Refinement (A) (B) (C) (D)

R1 0.001253 0.001216 0.001157 0.001162
R2 0.001685 0.001637 0.001498 0.001511
Ce
U11 850 (2) 847 (1) 843 (1) 843 (1)
b1 698 (2) 701 (1) 704 (1) 704 (1)
n (4f j = 5/2 �8)(4) 1/6 0.06 (3) 0.06 (2) 0.07 (3)
n (4f = 5/2 �7)(2) 1/6 0.36 (11) 0.37 (11) 0.26 (9)
n (5p j = 3/2)(4) 1.00 1.00 1.00 1.00
n (5p j = 1/2)(2) 1.00 1.00 1.00 1.00
n (5d j = 5/2 �8)(4) – – 1.00 –
n (5d j = 5/2 �7)(2) – – 0.00 –
n (5d j = 3/2)(4) – – – 1.00
� (4f j = 5/2 �8) – 1.19 (40) 1.29 (22) 1.26 (19)
� (4f j = 5/2 �7) – 1.05 (18) 1.07 (20) 1.13 (19)
� (5p j = 3/2) – 1.00 0.86 (14) 0.89 (5)
� (5p j = 1/2) 1.00 1.00 1.00 1.00
� (5d j = 5/2 �8) – – 1.13 (16) –
� (5d j = 5/2 �7) – – – –
� (5d j = 3/2) – – – 1.08 (8)
q1111 0.0 �0.04 (24) �0.03 (24) �0.03 (24)
q1122 0.0 �0.8 (7) �0.7 (7) �0.7 (7)
B
z 0.30084 (29) 0.30084 (29) 0.30085 (14) 0.30081 (14)
U11 611 (9) 612 (8) 607 (8) 607 (8)
U33 374 (12) 374 (13) 370 (12) 371 (12)
b1 971 (14) 970 (13) 979 (13) 979 (12)
b3 1589 (51) 1589 (53) 1605 (53) 1600 (53)
n (2s)(1) 2.00 2.00 2.00 2.00
n (2px) = n (2py)(2) 1/2 0.41 (11) 0.10 (6) 0.14 (6)
n (2pz)(1) 1/2 0.63 (23) 0.63 (13) 0.60 (13)
� (2s) – 1.01 (4) 0.99 (6) 1.00 (4)
� (2px) = � (2py) – 0.71 (23) 0.90 (66) 0.89 (62)
� (2pz) – 0.93 (19) 0.93 (14) 0.93 (17)
c311 0.0 �0.6 (10) �0.6 (10) �0.6 (10)
c333 0.0 0.5 (10) 0.4 (10) 0.4 (10)
q1111 0.0 0.1 (40) 0.1 (40) 0.1 (40)
q3333 0.0 �11 (12) �11 (12) �11 (12)
q1122 0.0 �29 (23) �28 (23) �28 (23)
q1133 0.0 29 (24) 29 (24) 29 (24)
Extinction
Y11 9.4 (4) 8.7 (3) 9.0 (4) 9.3 (5)
Y22 5.9 (8) 6.0 (7) 7.4 (9) 7.0 (9)
Y33 10.6 (8) 10.2 (8) 11.3 (8) 11.0 (9)
Y12 �0.7 (4) �0.8 (4) �1.1 (4) �1.0 (4)
Y13 0.9 (4) 0.8 (3) 0.5 (3) 0.6 (3)
Y23 1.1 (7) 1.4 (6) 1.4 (6) 1.5 (6)



In the refinement, although orthonormal constraints among

orbitals are strictly obeyed and the values of the correlation

coefficients are not greater than 0.5, large parameter interac-

tions are found. For example, between the electron population

and extinction parameters, � parameters of Ce-4f and extinc-

tion parameters, electron populations of Ce-4f and � para-

meters of B-2p, and scale factors and � parameters. When we

attempted to refine these parameters simultaneously, varia-

tions of these values were too large and peaks in residual

density around Ce became higher. Hence they were refined

separately. Parameter interaction at each stage of the refine-

ment will be discussed in the next section. Since the electron

population of n(5pj = 3/2), n(5pj = 1/2) and n(2s) tended to

exceed full occupation, they were also fixed at 1.0, 1.0 and 2.0,

respectively. B-2s is always fully occupied as in the previous

refinement (Tanaka & O� nuki, 2002). Since the residual density

around Ce became larger when the � parameter of Ce-5pj = 3/2

was refined, it was also fixed to 1.0. This corresponds to

assuming Ce-5pj = 3/2 to be one of the core orbitals. Although

there is a strong correlation between electron populations and

extinction parameters, they converged well. The AHV para-

meters, except q1122 of Ce and B, and q1133 of B, were not

significant, although temperature is high.

4. Result and discussion

4.1. Spherical-atom model

When scattering factors evaluated from relativistic AOs

calculated by the program GRASP (Dyall et al., 1989) were

used, there were less parameter interactions than using the

AOs calculated with the program HEX by Liberman et al.

(1971), which were employed in the previous study (Tanaka &

O� nuki, 2002). Residual densities and R factors also became

slightly better but there is no essential difference in the EDD.

The parameters after the spherical-atom refinement

(refinement A) are listed in Table 2 and the difference

densities around Ce3+ and B0.5� are shown in Figs. 2(a) and

(b), respectively. From Fig. 2(a), the positive peak on Ce

extends along the h110i direction corresponding to the �7

orbitals. The anisotropic temperature factors of Ce are larger

than those of B. According to the previous study (Tanaka &

O� nuki, 2002), at low temperatures the U11 value of Ce is

smaller than that of B, but the order is reversed at higher

temperature. The anisotropic temperature factors of Ce and B

increase proportionally with temperature from 100 to 430 K,

but U11 of Ce increases more than the Uij parameters of B. This

may be due to the strong covalent bonds connecting the B6

octahedra throughout the crystal. A fully occupied B-2s

orbital also contributes to make a strong 2p� orbital. B atoms

were fixed more firmly than the Ce atom, which is located at

the relatively free centre of the unit cell. The bond lengths of

B—Bout, which is the B—B bond connecting two B6 octahedra,

and B—Bin, which is the B—B bond within B6 octahedra, are

1.6513 (6) and 1.7640 (4) Å, respectively. The difference

density on the B—Bout bond between B6 octahedra in Fig. 2(b)

is twice those on the B—Bin bonds within the B6 octahedron.

This is consistent with the fact that B—Bout is a stronger bond

than B—Bin judging from the bond length.

4.2. AHV and XAO analysis

4.2.1. Thermal excitation. Parameters from the XAO

analysis without Ce-5d orbitals (refinement B), which includes

AHV analysis, are also listed in Table 2 and the residual

densities around Ce and B are shown in Figs. 2(c) and (d). The

peaks around Ce in Fig. 2(a) mentioned in x4.1 corresponded

to n(4fj = 5/2�7), which is greater than 1/6. These peaks disap-

pear in Fig. 2(c), supporting the fact that significant popula-

tions exist in 4f(j = 5/2) orbitals; the population inversion

between 4f(j = 5/2)�8 and �7 orbitals is also supported. At

room temperature the �8 orbital is more populated. Fig. 3 is

the EDD of the excited 4f-�7 orbitals calculated as a Fourier

transform of the differences between observed structure

factors and those calculated without the �7 electrons. There-

fore, the Ce peak extending along h110i in Fig. 3 corresponds

to the sum of the EDD of the �7 orbitals. Since the B-2pz

orbital extends along the edge of the cubic unit cell and

contributes mainly to the B—Bout bonds, larger n(2pz) than

n(2px) also explains the residual density in Fig. 2(b), where the

edge centres (central part of the B—Bout bonds) have the

highest peaks. Since the MO model is not used in the present

study, the residual density on the B—Bout covalent bond in Fig.

2(d) is not improved except for the reduced hole at the B

atom. The XAO analysis does not explain the bonding elec-

trons in the centre of the B—B covalent bonds, which are

mainly due to the two-centre electrons in an MO model. The

MO model should be employed to analyze the EDD in and

between the B6 octahedra. Since the melting point of CeB6 is

2550 K and CeB6 has a high hardness, even at high tempera-

ture, most of the AHV parameters are not significant. This

means that the aspherical bonding features are not explained
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Figure 3
Sum of the EDD of Ce-�7 orbitals (see text). Contours are as Fig. 2.



by AHV either. At 100 and 165 K AHV is significant, where

electron transfer from Ce to B—Bout bonds changes the

charge valence in the unit cell dramatically and AHV is

enhanced (Tanaka & O� nuki, 2002). However, in the present

study electrons are back-donated from B6 to Ce and the

crystal field of B6 is weaker. This is expected to be another

reason why AHV is not significant at 430 K.

4.2.2. Contribution of 5d orbitals. In order to investigate

the inversion of the populations on 4f-�8 and 4f-�7 (which

indicate that the energy levels of the two orbitals are inverted)

and to find the origin of the peaks of 0.6 e Å�3 along the h100i

direction of residual density at 0.8 Å from Ce in Figs. 2(a) and

(c), further refinements were required. Thus, the contribution

of the 5d orbitals of Ce to the peaks was taken into account,

although 5d orbitals were not occupied when X-ray diffraction

data at 298 K (measured by Tanaka & O� nuki, 2002) were

analyzed. The energy level of the 5d orbitals estimated by

spectroscopy was much higher than that of the 4f orbitals

(Martin et al., 1978). However, according to the band structure

of CeB6, 4f bands are hybridized with a 5d band around the

Fermi energy (Heide et al., 1986). The Fermi surface of CeB6

centred at the X point in the Brillouin zone, which corre-

sponds to the edge centres, exhibits the hybridized character

of the Ce-5d and B-2p states (Souma et al., 2004). Therefore,

we attempted to include the 5d orbitals in the outer shell. A

schematic drawing of the energy levels of B and Ce is shown in

Fig. 4(a). The 5d orbitals split into those with j = 5/2 and 3/2

because of spin-orbit interactions. The 5d(j = 5/2) orbitals split

further into the two orbitals �7 (doublet) and �8 (quartet) in

the Oh crystal field. The �8 orbitals are more stable than the �7

orbitals. Note that the energy of 5d(j = 3/2) orbitals is higher

than that of 5d(j = 5/2) orbitals. This is because the present
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Figure 5
Residual densities around Ce (a) after refinement (C) and (b) after
refinement (D). Contours are as Fig. 2.

Figure 4
Schematic drawing of the energy levels of Ce and B, (a) below room
temperature and (b) at 430 K. The energy levels of Ce are estimated using
the program HEX (Liberman et al., 1971); those of B are calculated by
Mann (1968).



quantization axes are directed along the h100i direction or to

the vacant face-centres of the cubic cell. The energy levels of

eg orbitals, which have the electron lobe along the quantiza-

tion axes, are lower than those of t2g orbitals. Hence the energy

of 5d(j = 3/2) orbitals, corresponding to t2g orbitals, is higher

than that of the 5d(j = 5/2) orbitals. The �7 orbitals point along

the h111i direction, where B6 ligands exist. In the band

structure of CeB6, only 5d(eg) orbitals corresponding to part of

the 5d(j = 5/2) orbitals contribute to the hybridization with B-

2p orbitals.

When both 5d orbitals were refined, the correlation

between n(5dj = 5/2) and n(5dj = 3/2) was very strong. The

correlation between the electron population of 2px (= 2py) and

the � parameter of 2pz also became severe. Thus, n(5dj = 5/2) or

n(5dj = 3/2) was refined by fixing one of them at 0.0 and the �
parameters of the B-2p orbitals were also refined separately.

When 5d orbitals are included in the analysis, the � parameter

of the Ce-5p(j = 3/2) orbitals can be refined, in contrast to the

analysis without 5d orbitals. The refinements (C) and (D),

including the 5d(j = 5/2) and 5d(j = 3/2) orbitals, respectively,

are listed in Table 2 and the corresponding residual densities

around Ce are shown in Figs. 5(a) and (b). Since the residual

densities around B are almost the same as those in Fig. 2(d),

they are omitted. In Table 2, the R factors of the analyses,

including 5d(j = 5/2) or 5d(j = 3/2), are evidently lower than

those of the analysis without 5d orbitals. With respect to the

analysis including 5d(j = 5/2), the peaks along the h100i

direction of the residual density at 0.8 Å from Ce in Fig. 5(a)

decreased significantly from 0.6 to 0.4 e Å�3. This improve-

ment is significant. When the analysis including 5d(j = 5/2) was

performed, the 5d(j = 5/2)�8 orbitals were found to be fully

occupied. From Table 2, the most significant result is the

difference in populations of B-2px(= 2py) between refinements

(C), (D) and (B). A considerable number of electrons in the

B-2px(= 2py) orbitals are transferred to the �8 orbitals of

5d(j = 5/2) or 5d(j = 3/2). �(2px) of B in refinement (B) is

significantly smaller than that of 2pz compared with refine-

ments (C) and (D). Since the � parameter and its error have a

tendency to be larger when the parameter becomes smaller

and vice versa, this may indicate that the population of B-2px

(= 2py) orbitals in refinement (B) is too large. However, in the

present study the error of the � parameter of B is large and the

� parameters are therefore less reliable. A comparison of the �
parameters of B-2px (= 2py) orbitals and B-2pz is not impor-

tant. There is a difference between the � parameter of B-2px

(= 2py) orbitals in refinements (B) and (C). However, this does

not lead to the difference in population of B-2px (= 2py)

orbitals, since in refinement (C), before the � parameter was

refined, the population of B-2px (= 2py) orbitals was 0.09 (6);

after the � refinement it was 0.10 (6). Thus, the correlation

between the � parameter of B-2px (= 2py) and the population

of B-2px (= 2py) was not considered in refinement (C). The �
parameters of Ce are equal to one another in refinements (B)–

(D), within experimental error. The electrons in B-2px (= 2py)

orbitals were reduced, but B-2pz was not significantly affected

by the refinements, as is evident from refinements (B)–(D) in

Table 2.

The most important result of the present XAO analysis is

the electron transfer from B6 to Ce, and the inversion of the

populations of the 4f-�7 and 4f-�8 orbitals of Ce. The latter

was the lower energy state in our previous study at lower

temperatures (Tanaka & O� nuki, 2002). If the formal charges

+3 and �0.5 for Ce and B, respectively, are assumed, the

numbers of electrons transferred to Ce, which are calculated

using the relation 6{2(1
2� n(2px)) + (1

2� n(2pz))}, are 0.30, 4.02

and 3.72 for refinements (B)–(D), respectively. Note that the

number of electrons transferred from B in refinement (C) is

equal to that of the 5d(j = 5/2)�8 orbitals, within experimental

error, indicating that no electrons of the B-2px(= 2py) orbitals

are expected to be transferred to the 4f orbitals. The peaks in

Fig. 2(c) were reduced after including 5d(j = 5/2)�8 orbitals in

the refined parameters, as shown in Fig. 5(a). In refinement

(D) 5d(j = 3/2)�8 orbitals are also fully occupied, as shown in

Table 2. However, the peaks along the h100i direction of Ce in

Fig. 5(b) show no improvement compared with those in Fig.

2(c). Moreover, the result of refinement (D) requires 0.28 (=

4–3.72) 4f electrons to be excited to 5d. Therefore, we

conclude that 5d(j = 3/2)�8 orbitals are not occupied and

refinement (C) gave the best results. Therefore, the residual

peaks of Ce along the h100i direction with heights of 0.6 e Å�3

in Fig. 2(c) are concluded to be due to the electrons in

5d(j = 5/2)�8 orbitals. From equation (1) the ratio of

n(�8)/n(�7) is 0.16, indicating that energy levels of �8 and �7

are inverted with an energy gap of 783 K.

Since the energy level of the 5d(j = 3/2)�8 orbitals of Ce

calculated by HEX is close to that of the 2p orbitals of B listed

by Mann (1968), as illustrated in Fig. 4(a), the B-2p electrons

are expected to be transferred predominantly to 5d(j = 3/2)�8

orbitals, according to the first-order perturbation theory. In

addition, electron lobes of the B-2px(= 2py) orbitals are

located close to those of the 5d orbitals. Then electrons are

transferred from 5d(j = 3/2)�8 orbitals to 5d(j = 5/2)�8 orbitals,

since the transition from 5d(j = 3/2)�8 to 5d(j = 5/2)�8 is

symmetry-allowed and the probability of the transition is

expected to be higher than to the other orbitals. From Table
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Figure 6
Radial distribution function of Ce-4f orbitals, 5d orbitals and B-2p
orbitals.



2(c), the transfer of electrons from B-2px(= 2py) orbitals to Ce-

5d orbitals is obvious. The radial distribution functions of 4f

and 5d of Ce, and B-2p orbitals are illustrated in Fig. 6, and the

EDD of Ce-4f and 5d orbitals in Fig. 7. Since the bond length

between B and Ce is 3.045 Å (= 5.755 bohr), the B atom was

placed at 5.755 bohr on the abscissa. The very strong overlap

of the B-2p orbital and Ce-5d is easily understood. A filled

5d(j = 5/2)�8 orbital is located outside the 4f orbitals and both

have the same �8 symmetry, with the EDD extending to the

same directions. 4f orbitals are expected to be influenced by

the 5d orbitals effectively. Therefore, the energy level of the

4f(j = 5/2)�8 orbitals becomes higher than that of 4f(j = 5/2)�7

because the electrostatic repulsion between electrons on

5d(j = 5/2)�8 and 4f(j = 5/2)�8 is larger than that between

5d(j = 5/2)�8 and 4f(j = 5/2)�7 orbitals. These electron trans-

fers are illustrated in Fig. 4(b) by arrows.

5. Reliability of the result

The R factors of the refinements given in Table 2 are very close

to one another. Furthermore, the numbers of parameters used

in the refinements are different. Thus, it is necessary to judge

the validity of the refinements. Using Hamilton’s significance

test (Hamilton, 1965), which may be valid for the evaluation of

the analysis of electronic structure, the R1(refinement(A))/

R1(refinement(C)) ratio is 1.083. This satisfied the significant

level � = 0.05 (R13,151,0.05 = 1.075) if insignificant AHV para-

meters are not taken into account, although the R-factor ratio

for refinement (A)/(B) is not significant. Hence, refinement

(A) without 5d(j = 5/2)�8 orbitals is rejected at the 0.05

significance level. However, since the ratio of the number of f

electrons to the total number of the electrons in the unit cell is

very small, as stated in x2, the investigation of the EDD of

rare-earth complexes needed great care and highly accurate

measurement of the parameter interaction in the least-squares

refinement. Since the smaller non-spherical EDD of the f-

electrons reduces the R factor after the spherical-atom

refinement (by 0.0125 in the present study), and since the two-

center electrons are not considered in the present refinement,

no further refinements could be made in the present study.

Therefore, the reduction of R factors is not a good measure of

the validity of the refinement, but the reduction of the peaks in

the residual density maps should be noted. It sometimes

happened that the residual density of Ce became higher when

R values were reduced. Thus, the refinement was carried out

while paying keen attention to the residual density around Ce,

as well as the R values. However, the reduction of the

numerator of the weighted R factor was also checked.

Comparing the peak heights in Figs. 2(a) and 6(a) after

refinements (A) and (C), respectively, the reduction of the

peak on Ce from 0.8 to 0.2 e Å�3 and the 5d peaks from 0.6 to

0.4 e Å�3 can be seen, as described in x4.2.2. The residual

density including 5d(j = 5/2) orbitals in Fig. 5(a) is lower than

that including the 5d(j = 3/2) orbitals in (b), as well as the R

factors. Since both refinements have the same number of

parameters, we determined that refinement (C) was better

than refinement (D). In refinement (C) the n and � parameters

of the AOs in the complex showed values greater than their

e.s.d.’s. These orbital parameters of Ce are almost three times

larger than their errors; n(2px) of B is only 1.5 times larger

than the error, but is still significant. This is caused by the

transfer of a large number of electrons from B-2px (= py)

orbitals to Ce-5d orbitals, and the remaining population values

become relatively smaller. Most of the AHV parameters are
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Figure 7
Schematic drawing of the electron densities of j = 5/2 orbitals of 4f and 5d
(a) and (b) with the �8 symmetry, and (c) with the �7 symmetry.



insignificant because the AHV effect is small in CeB6 at 430 K,

as explained in x4.

Since the XAO analysis is based on the AOs which strictly

obey the orthonormal relationships among them, and the fact

that each orbital is not permitted to accommodate more

electrons than those permitted by quantum mechanics, the

population of each atomic orbital is more reliable than those

obtained by other methods where no quantum-mechanical

constraints are applied. This is the reason why self-consistent

results, that is, fully occupied 5d(j = 5/2)�8 orbitals, which

made the 4f orbital with the same symmetry property

(j = 5/2,�8) unstable, resulting in the inversion of the energy

levels and the electron populations, were obtained in the

present study. The XAO analysis does not take into account

the two-centre electrons, as seen in Figs. 2(b) and (d), where

the EDD on the centre of the B—B bond is not affected by the

refinements mthods. The introduction of MOs is necessary to

account for the EDD of the B—B bonds.

The multiple diffraction effect becomes very large in rare-

earth complexes, since the effect is proportional to the square

of the structure factors (Moon & Shull, 1964). Thus, it easily

becomes one or two orders higher than those of the organic

compounds. Although Claiser et al. (2004) pointed out that the

scattering factors were not good enough to observe the EDD

of rare-earth complexes, avoidance of the multiple diffraction

effect was essentially important in the present study. The use

of synchrotron radiation is expected to reduce this effect

because the small beam divergence of the incident synchro-

tron radiation beam reduces the chances of the effect occur-

ring. However, when the half-width of the Bragg peak is large

due to the mosaicity of the crystal, multiple diffraction

becomes very significant even in the synchrotron radiation

experiment (Komori et al., 2007).

6. Conclusion

At 430 K, the X-ray diffracted intensity of CeB6 was measured

in order to observe the thermally excited EDD. A consider-

able number of electrons occupies the �7 orbitals when elec-

trons are transferred from B to Ce. We are confident that the

EDD of thermally excited states of CeB6 can be observed. The

energy levels of 4f(j = 5/2)�8 and �7 orbitals are inverted and

the �7 orbitals become the ground state. This is caused by the

electron occupation of 5d(j = 5/2)�8 orbitals extending the

electron lobes in exactly the same directions as 4f(j = 5/2)�8

orbitals. To confirm this phenomenon, further measurements

of EDD at temperatures between 298 and 430 K and higher

are necessary.
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